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1 Introduction

One-loop computations are an essential ingredient in providing robust next-to-leading order
predictions for QCD events at colliders such as the LHC [1]. A general one-loop amplitude
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Figure 1. A two-particle cut of a one-loop amplitude

for massless particles can be expressed, after an appropriate Passarino-Veltman reduc-
tion [2], in terms of n-point scalar integral functions I’ with rational coefficients, a;, bj, ck,

Ayll—loopzz aifzi‘{'z bj[§+z ek I5 + Ry, + O(e). (1.1)

ieC JjED keg

The functions I’ contain all of the logarithms and dilogarithms in the amplitude and R, is
the remaining rational part. The summations are over all possible integral functions. The
Unitarity technique [3, 4] determines the rational coefficients of these functions from the
information contained in the two-particle cuts shown in figure 1, using physical on-shell
amplitudes as inputs.

The cut,

Cop= %/dLIPS [Atree(—el, a,at1,...,b,0)x AT (—ly, b+1,b42, . .. ,a—1,£1)} . (1.2)

where f dLIPS denotes integration over the on-shell phase space of the ¢; is equal to the
leading discontinuity in the integral functions [5] of eq. (1.1),

Cors =D aili+ D> b+ > al)

ieC’ jeD! ke &

, (1.3)

Disc

where C’, D' and &’ are the restricted sets of functions with a cut in this particular channel.
In particular, £ consists of a single term.

The original implementation of the Unitarity method did not evaluate the cut directly
but instead manipulated the product of tree amplitudes, using £2 = ¢2 = 0, to rewrite it in
the form,

/dLIPSAtree(—él,a,a F 1, b)) X AT (L b+ 1,4+ 2,. .. a—1,0)

1 1 (1.4)
= /dLIPS (Z SR -k ijm ' Ck) ’

and identified the coefficients in the above with the integral coefficients of eq. (1.3). A
feature of the original implementation is that the representation (1.4) is not unique but

one must simultaneously solve the full set of cut equations.



In principle, the cut momenta ¢; should match the momenta of the integral functions I,,,
i.e. they should be in 4—2¢ dimensions, however it was shown that for many amplitudes it is
sufficient to use four dimensional tree amplitudes. Using four dimensional amplitudes allows
us to evaluate the integral coefficients but not the rational terms R,,. For supersymmetric
amplitudes, or the supersymmetric components of QCD amplitudes, R,, = 0 and we term
these amplitudes “cut-constructible” [3].

In recent years considerable advances have been made in systematising the process of
extracting the coefficients of the basis integral functions. Progress has been made both via
the two-particle cuts above and using generalisations of unitarity [6] where, for example,
triple [7-10] and quadruple cuts [11] are utilised to identify the triangle and box coefficients.
Triple and quadruple cuts are useful in that they isolate contributions from smaller sets of
integral functions. For example, a quadruple cut isolates a single box coefficient. Since the
cut inserts four d-functions into the covariant integral the coefficient of this box function
is given by the algebraic product of four tree amplitudes [11] . N = 4 one-loop amplitudes
consist solely of scalar box functions and so quadruple cuts are sufficient to completely
compute them [12-15]: a property shared by N' = 8 supergravity amplitudes [16].

The triple cut with three J-functions is effectively a one-parameter integral which
can be evaluated via complex methods [8, 9]. One may also consider one-particle cuts [17].
Generalised Unitarity has been used beyond one-loop at two loops [18, 19] and beyond [20].

Our strategy is to use all possible cuts and first evaluate the box coefficients from
quadruple cuts then the triangle coefficients from triple cuts and finally use the two-
particle cuts to determine the bubble coefficients. This is not the only strategy since
the two-particle cuts contain enough information to determine the coefficients of the box
and triangle contributions as well as the bubble coefficients. The testing ground for many
of these techniques has been the computation of the various terms in six gluon one-loop
scattering amplitudes [21] both for the supersymmetric contributions [3, 4, 22, 23] and also
for the “cut-constructible” parts of the QCD amplitudes [4, 24, 25]. For full QCD ampli-
tudes the rational terms must also be calculated. Unitarity can be used to determine these,
however this requires the use of tree amplitudes defined in D = 4 — 2¢ dimensions [26].
Alternatively, the rational pieces can be obtained using on-shell recursion [27], a method
akin to that for tree amplitudes [28]. This has a numerical implementation together with
Generalised Unitarity [29]. One may also use specialised Feynman diagram techniques

which focus on the rational terms [30-32].

The approach we adopt recognises that there are a limited number of distinct struc-
tures that appear in the cut integrals. These may be evaluated in a number of ways:
conventional covariant integration, fermionic integration [23, 25], direct extraction [8] or
integrand level reduction [33]. By determining the contribution of each structure to the
relevant coefficients we construct a canonical basis which, once constructed, can be used for
any amplitude. While this approach reproduces results from other methods, the decompo-
sition into canonical forms is carried out directly on the four dimensional tree amplitudes
without re-parametrising the dLIPS integration. It produces compact, explicitly rational
expressions for the integral coefficients. We illustrate this process by presenting the N' =1



contribution to one-loop seven gluon scattering in closed analytic form.!

2 Organisation of the amplitudes

The organisation of loop amplitudes into physical sub-amplitudes is an important step to-
ward computing these amplitudes: although eventually all the pieces must be reassembled.
For one-loop amplitudes with adjoint particles, one may perform a colour decomposition
similar to the tree-level decomposition [34]. This one-loop decomposition is [35],

[n/2]+1

A}L_IOOP =ig" Z Z Grpie (0) Apie(0) (2.1)

c=1  0€S,/Snc
where |z | is the largest integer less than or equal to 2.2 The leading colour-structure factor,
Grpa(l) = N, Te (T ---T) (2.2)

is just N, times the tree colour factor and the sub-leading colour structures (¢ > 1) are
given by,
Grp(l) = Te(T*---T% ) Te(T%---T9) . (2.3)

Sy, is the set of all permutations of n objects and S,,.. is the subset leaving Gry,.. invari-
ant [35]. The contributions from fundamental representation quarks circulating in the loop
can be obtained from the same partial amplitudes, except that the sum only runs over the
Ap;1 and the overall factor of N, in Gry,.; is dropped. For one-loop amplitudes of gluons the
Ay.c, ¢ > 1 can be obtained from the A, by summing over permutations [3, 35]. Hence it
is sufficient to compute A, in what follows and, for clarity, we refer to these as A,,. The
partial amplitudes A,, have cyclic symmetry rather than full crossing symmetry.

We choose to use a supersymmetric decomposition. Instead of calculating the one-loop
contributions from massless gluons, ALI], or quarks, A,[%/ 2], circulating in the loop, it is
considerably more convenient to calculate the contributions from the full AV = 4 multiplet,

a N =1 chiral multiplet and a complex scalar circulating in the loop. In terms of these,

A1[11] _ Aé\f:él _ 4Aé\/:1 chiral + A,[g],

A2 (2.4)

_ Aé\f:l chiral A,[i)]

The amplitudes are also organised according to the helicities of the outgoing gluons
which may be £. We use polarisation tensors formed from Weyl spinors [36],

b gy = A DulET) g ST wlE)
e V2(gk) T V2lkq

where k is the gluon momentum and ¢ is an arbitrary null ‘reference momentum’ which

€

(2.5)

drops out of the final gauge-invariant amplitudes. The plus and minus labels on the polar-
ization vectors refer to the gluon helicities and we use the notation (ij) = (k; \k:]ﬂ Jig] =

!These are available in Mathematica format at http://pyweb.swan.ac.uk/~dunbar/sevengluon.html
2We have inserted a factor of 4 in this definition to avoid universal factors of i appearing in our explicit
formulae.
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<k:z+|k;> In twistor-inspired studies of gauge theory amplitudes [37] the two component
Weyl spinors are often expressed as,

M =ETY, Xa= k7). (2.6)

Helicity amplitudes are related to those with all legs of opposite helicity by conjugation:
(ab) < [ba]. Using spinor helicity leads to amplitudes which are functions of the spinor
variables (ab) and [ab] and combinations such as (k| ]j]k]ﬂ = [kilplk;) = [kip)(pkj). Tt is
useful to define combinations of spinor products,

[a|Py...plm) = [ab]{bm) + - -+ [a fI(f m) . (2.7)

In this article we complete the computation of the A/ = 1 contributions to seven gluon
scattering. Up to conjugation and relabeling, there are nine independent helicity config-
urations for the colour ordered amplitudes. The amplitudes A7(17,2%, 37 4% 5T 6% 7T)
and A7(17,2%7,3%,47 5% 67, 7T) vanish to all orders in perturbation theory within any
supersymmetry theory so,

AP 27 3T 4T 5T 6T T = AP 2 3 4t s T =0, (28)

Amplitudes with exactly two negative helicities are referred to as MHV (“maximally he-
licity violating”) amplitudes and those with three negative helicities as NMHV (“next to
MHV”) amplitudes. There are three independent MHV and four independent NMHV
helicity configurations for the seven gluon amplitude. The seven-point MHV ampli-
tudes [4] and the NMHV amplitude with the three negative helicity legs adjacent
AN=Y(17,27,37,4F 5% 61, 7F) [7] are specific cases of known all-n expressions. We
present explicit forms for the remaining three NMHYV partial amplitudes which will be made
available at http://pyweb.swan.ac.uk/~dunbar/sevengluon.html in Mathematica format.

3 Canonical basis for bubble coefficients from two-particle cuts

Consider the general decomposition of the product of tree amplitudes appearing in a two-
particle cut in terms of canonical forms F;,

AV (=L, o) X ATl ) = Zci}-i(gj)’ (3.1)

where the ¢; are coefficients independent of £;. The forms F; must have zero spinor weight
in the £;, i.e. they must be invariant under [£;) — €% |¢;), |¢;] — e~*®i|¢;]. Each two-
particle cut receives contributions from box functions, triangle functions and a bubble.
The coefficients of the box functions are most simply determined from quadruple cuts and
the triangle coefficients from triple cuts, so we only use the two-particle cut to determine
the bubble coefficients. Consequently, we must determine the contributions to the bubble
coefficients from the various canonical forms, F;.

We examine the F; according to their overall order in the cut momenta ¢;. In general,
terms of order ¢V with N < 0 only give contributions to box and triangle functions so we are
interested in terms of order £~ with N > 0. For a generic QCD amplitude the contributions
are typically of order £2. In the A" = 1 contributions to Yang-Mills amplitudes cancellations
generically reduce this to order ¢°.
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3.1 Order M terms

These are the canonical forms which are required to obtain the N/ = 1 contributions to
Yang-Mills amplitudes.
Functionally we start with the simplest non-trivial case,
(t, B) [Al61]B)

H1(A; B 4y) = A = _(51 myaEL (3.2)

where k4 is taken to be real. There are many ways to evaluate the contribution to the
bubble coefficient from this simple form. We chose to manipulate this as if it were a
covariant integral. This means effectively replacing,

daPe
1%2

then evaluating the covariant integral only keeping the coefficient of —In(—P?2) in the
result. The integral is then a linear triangle integral with massless leg k4 as shown,

which can be evaluated by shifting the momenta using Feynman parameters,
f‘f — f‘f — k‘fflag + Ptag, (34)

where P = kg + kqy1 + -+ - kp is the total momentum across the cut and ag refers to the
Feynman parameter of the /5 propagator.
The ao term drops out of the integral and we use,

In(—P?) — In(—(P — ka)?)
2k P ’

Ig [ag] - (35)

The coefficient of —In(—P?) is the bubble coefficient and thus H; evaluates to Hy,

H\[A; B; P] = [;Jf@ _ ﬁ’\?\ii' (3.6)

Note we assume in the above that k4 is real. If A denoted a complex combination of
momenta then |A] should be replaced by |A)* in the canonical form. We also have the
conjugate result,

- N

[clpicy’

= H,[C;D; P] = (3.7)

These forms satisfy,
1 -
H\[ P|A]; B; P| = 5 H[A; P|B); Pl. (3.8)



We have chosen to determine the contribution from this form using covariant integrals,
of course one obtains the same result by applying fermionic integration [23] or direct
evaluation [8]. Our aim is to use this simple result for H; as the starting point for generating
many further terms. First consider H to be a holomorphic function of one of the /;, i.e.
H = H(|¢)), then we can define,

H;'L:1<Bj £)
H?=1<Ai £> ,

By spinor weight the number of A; is the number of B;. The cases where multiple poles ap-

pear are treated separately: such terms cancel in amplitudes by the factorisation theorems.
By expressing this as a partial fraction we can split H,, algebraically into a sum of
‘H1 terms,

Hn(AZ,BZ,f) == Zczm == ZciHl(Ai;Bl;f), (310)
where the coefficients ¢; are given by,

H?:2<Bj Aj)

G = =———. (3.11)
[1;4:(Aj Ai)
The bubble coefficient generated by H,, is thus,
(BllP !A )
H,[A;; B;; P] = (3.12)

The same formula applies whether we have a holomorphic expression in ¢; or . When

we have a mixed expression,

[Ty (B 1) [T (C o) TThy (B 0] T (G £

[T (Ai 0) TT7E1 (Dj L2) Ty [Fr 4] TIIZ [H £2) (3.13)
we first rewrite it as a holomorphic expression in #; and /o,
[[io, (Bi ) H;’n:1<cj l2) w1 Ex|Pll2) TT[Gi| Plt1) (3.14)
[Ty (Ai ) T2 (D o) Ty [Fel Ple2) Ty [Hil Pler)”
then use the identity,
(aly) _ (aly) P?{ab) (3.15)

(blo)  (blr)  (bly)[1|P|b)’
to replace it by,

Hz 1<B ) H <C ) £=1[Ek‘Pwl> H?=1[Gl’P’€1>
[y (Ai 04) TT71 (D5 &) T [FRIP1en) T [Hil Pléy)
Only the leading term contributes to the bubble coefficient and it gives an overall contribu-

tion of Hyymprqldi, Dy, P|Fy|, P|Hl; B;, Cj, P|Ey], P|Gy]; P], provided the A;, D;, P|Fy]
and P|H;| are all distinct.

+ terms of order /=2 . (3.16)



We can have terms with D = A. In this case we decompose into terms of the form,

(B1 £1)(Bs £)
H5(A, A; By, By) = —(——————-. 3.17
2( 1 2) <A€1><A£2> ( )
This special case canonical form gives,
x . o _ [AIP[B1)[A|P|By)
H35[A, A; By, By; P| = A[P[A)? . (3.18)
There is a second class of functions arising from terms with massive propagators
such as,
1
B;D;Q;41) = ——|D|t1|B), 3.19
6o(B: D:Q: 1) = s DI D) (3.19)
where Q2 # 0. We can relate this to the H; form using the identity,
1 1 [DIP(P+Q)Q|Y) [D|PlE)
——— —[D/] = — ) 3.20
cror’ " wrar wraln wiPain 320
leading to,
1 [D|P|t1)(B 1) i
——[D|t1|B) = ———————" + sub-leading. 3.21

We then make the replacement,

(IPQIE) ~ (LIPQIE) = (L P)[P QIQ ), (3.22)

where P and Q are the null linear combinations of P and (@,

1 ¥en 1 ¥en
(P (Pe-YR)m). - (e (Par i) )
(3.23)

with Az = A3(P,Q) = 4(P - Q)% — 4P?Q?. As is the Gram determinant of the three-mass
triangle integral having legs of momenta P, @ and —P — ). The leading term in eq. (3.21)

then has precisely the form of an Hs function. Splitting this into a pair of H; functions
gives two terms that are not individually rational because P and Q contain factors of
V/As. The pair of terms are however the irrational conjugates of each other, so the sum
is rational. To have canonical forms which yield explicitly rational coefficients we choose
to evaluate Gy as a separate canonical form which is manifestly rational:

[DIP(QP — PQ)|B) _ [D|P[Q, P]|B)

We commonly find the form,
1 [D|t]Bo)( Bi)
(61 +Q)? (41 A) '

For (A P),(AQ) # 0, this can be decomposed as an Hs function but at the cost of intro-
ducing irrational coefficients. Once again, combining these terms generates a manifestly

G1(A; By, B1; D; Q3 41) =

(3.25)



rational form. For (A P), (AQ) # 0,

Gl[A; Bo,Bl;D;Q;P] - _ [D’P[P7 Q]‘A><31’[P7 Q”BO>

[DIP|A)((Bo A){B\1|P|A] + (B1 A)(Bo| P|A])
2(A|PQ|A)(A|P|A]
We can extend this form to determine the bubble contributions arising from,
1 [D|&4|Bo) [T (6 Bi)
Gn(Ai; Bo, Bi; D; Q5 41) = DRy ; 3.27
(46 Bo, B Ds Qs ) = a7 1 4 .27
by splitting it into a sum of G; terms, just as we split H,, into a sum of H; terms,
Gn(Ai: Bo, Bi; D;Q:41) = Y _ ¢; Gi(Ay; Bo, B; D; Qs 01), (3.28)
with,
. (A; B;
o H]<n< J> (329)

C; — .
Hj;éi(Ai Aj>

The H,, and G,, functions are sufficient to evaluate the bubble coefficients of the N' = 1
contributions to Yang-Mills amplitudes. We will show this by example in the following
sections where we explicitly evaluate the seven-point N' = 1 one-loop contributions.

In general we may also have terms with multiple massive propagators,

f(0)
T+ QR+ Q. 330
Using the constraint (¢ — P)? = 0, we have,
2
(@i = [0Q) + APl = [£1Q1]6), (3.31)

P2

where Q7 is a non-null linear combination of @)1 and P. This allows any multiple propagator
terms to be written as,

[
: 3.32
[£]Q116)[¢]Qa|0) ... (3.32)
Partial fractioning on the A(¢)’s then gives a sum of terms of the form,
9L6) N 9(0) )

[£1Q1]0)(€]1Q1Dal0) ... [£]01]6)(£01)[O1 0a)(Os0) ...

which can be further split into a sum of G; forms at the expense of introducing irrational
factors in /A3(Q;, Q;). As with the \/A3z(P, Q) terms, these all arise in irrational conju-

gate pairs and the sum is rational.



3.2 Terms of order /! and (2

For the scalar contributions to Yang-Mills amplitudes we need forms of order ¢! and ¢2. In
general we will needs forms denoted H;, for contributions of order ¢ where the denominator
has n factors of (A;¢).

The higher order H and H forms are:

M} =IDI6|B) — HYB; D; P| = J[D|P|B),
ni =1 Iéflliffl By)
2
HY[A; By, By; D; P) :Mfiw (ID|AIB:)[AP|By) + [D]A|Bo)[A[P|B))

+ m ([D|P|B1)[A|P|By) + [D|P|B2)[A|P|By)),

HZ =[D1|¢1|B1)[Do|1| B) —
1 P2
H{[B1, Ba; Dy, Da; P] :g[D1|P|Bl>[D2|P|BQ> + F[Dl Ds](B1 Bs),
o _[D1l6]B1)[Da|01|B2) (61 Bs)
! (61 A)

H

H}[A; By, Bo, B3; Dy, Do; P| = (P°)°
1 , D1, D2, D3, 1,172, _18[A’P’A>3

2

+36[151Tﬁ (D1|P|B1)[D2|A|B2)[A| P|Bs)+Pi2(Bj, D;))
1

s

([D1|A|B1)[D2| A|B2)[A|P|Bs) + Ps(Bi))

D1|P|By)[D2| P|B2)[A|P|Bs) + Ps(Bi)) ,

(3.34)

where Pg(B;) and P12(B;, D;) represent a total of six and twelve permutations respectively.

The higher order terms involving massive propagators can be reduced to G or Gi
forms, where,

[D){(Ct){(BY?)

[1Qle){AL) -
and f™({) is a polynomial of degree n in ¢. To evaluate these forms we again make use of
the identity:

gi =10 (3.35)

(D4, DIy  [D|PJY)
o ~ o @pal ~ Wpan (3.36)

This allows us to write,

gr(A[PQlA)
_PXf(0)(BY) ([DIQIANC 4) | 4 ([DIQIP)(C|PQ|4) n [D|QIQ)(C|QP|4)
[£1Q16) (Af) pe (¢P) (€Q)
[DIPIANC 4) | 4 ([DIPIP){C|PQ|A) | [DIP|Q)(CIQPIA)

,10,



This splits the term of interest into pieces with the same overall power count in ¢ but only
massless propagators and terms with a reduced power count in ¢ involving the original
massive propagator. The former are readily evaluated using our basis of H functions,
while the latter rely on G functions. The terms involving the massive propagator along
with (P£)~" or (Q)~! give rise to special cases of the G functions as discussed below.
Using this splitting procedure, the order ¢! term, Gi, is expressed in terms of a sum

involving special cases of the order £° G; form, namely, QlQ and Qfs , where,

go _ [pacoHBy (3.38)
g '

Evaluating this form gives the bubble contribution,

[D|[Q, PIP|C)[Q|P|B) + (P*[D|Q|B) — (P.Q + /A3/2)[D|P|B))[Q|P|C)
P2A,

G¢ =2 . (3.39)
Q{a and Gf’ are obtained by irrational conjugation.
Similarly for the order ¢? terms we require special cases of Gi with (D Q) = 0 and
(D P) = 0. Setting f(¢) = [E|(|F), we have,
10 _ [EF)[DIEC){ B)

T TYTT . (340

Making the definitions,

g =<[E\P!F>[D!15\C>[Q\P\B> - [EIQIF)[D|Q|C)[Q|P|B)
(3.41)
- [E|QIB)[D|QIC)[QIP|F) — [D|Q|B>[E|QIF>[QIPIC>>,

and

v:«mmm—WQEXWmm—w@wm@mm

~ (IBIP|C)[DIQIF) + [E|QIC)[DIP|F))Q|P|B) o
- [EIQIB)(IDIPIC) - [DIQIC) ) [QIPIF) |

—w@w(mﬂm—w@wM@mw}
we find that this form gives a contribution to the bubble coefficient of,

_Sx/A_sﬁJrP.Qv_

LQ _
G = P2As

(3.43)

Again Q%:p and G%:p are obtained by irrational conjugation.
Although these forms contain /A3, we are always interested in the sum of irrational-

conjugate pairs and the final canonical form is guaranteed to be rational.
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4 Example: seven-point N/ = 1 contributions

The basic NMHV amplitudes are:
A A7(1 27,3747 57 67,71
A7(17,27,37, 47 57,67,7T)
C: A7(1 ;27,3747 57,67,7T)
D:A7(17,27,37,4%7,57,67,71)

(4.1)

Amplitude A has no permutation symmetries while amplitudes B and C have the following

invariances:
B : (1234567) « (2176543)

C : (1234567) < (5432176)

Amplitude D has the simplest structure and is an example of a “split-helicity” amplitude

(4.2)

whose n-point expression is given in [24].
The supersymmetric cancellations present in a A/ = 1 computation lead to the one-loop
amplitude being of the form,

A= L+ b B+ Y e db (4.3)
ieC jED ke&

with no further rational terms. Since all the coefficients can be evaluated from four-
dimensional unitarity these contributions are termed “cut constructible”.

For the contribution from the A/ = 1 chiral multiplet the coefficients of the box integral
functions contain sufficient information to determine the coefficients of the one and two
mass triangle functions. As discussed in the appendix A, we choose to absorb these triangles
into the box functions, leaving a basis of truncated boxes Fi, three mass triangles and
bubble functions,

AN A N F o > b Y el (4.4)
icC JE€Ds,, ke
4.1 AY=Y(17,27,3% 47 5 6T, 7)
This amplitude can be decomposed into 20 integral functions:
A/7\f=1 chiral(l—,Q—’?)Jr 4, 5+ 6+ 7+) — a{l}—g{@l}{%}{%}

+ a3 Fiiadt caseyr + 03 Faias qsriye T 04 Fapantyiriya + 5 Fafery 23y
+ ag Faiisecma) + 07 Fodiserny + 08 Faleeria)
+ 5114]?%}{15}{671} + by I{?l}{23}{456}
+ o' I (tios) + i Io(tass) + ¢4 Io(taas) + ¢4 Io(tase) + c§ Ia(ter1)
+ c‘74[2 (t712)

+ d5 In(s03) + di To(ss4) + df Io(sa5) + d4' I (s71),
(4.5)
where we have chosen to label the boxes and three-mass triangles by the clustering of
the legs.
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4.2 AY=Y(17,27,3% 4t 57 6T, 7)
This amplitude can be decomposed into 25 integral functions:

A=Y ebinal(17 97 3% 4t 57, 6%, 7T) = aP Fihy any pasy + 05 Fifee) (71 (23)
B h B h B h B h
+az ~7:12?2L3}{456}7 +ay f§ﬁ5}{671}2 +az f§g1}{234}5 + ag ~7:12?2L34}{56}7
B 2m h Br2mh
+ a7 Fsferiyqosya + a8 Filisey (7112
B]:Qm e B ]_—Zm e B ]_—1m
+ag F3pus16(712) T @107 4(56)7{123) T @11/ 456{7123}
B ; B ; B ;
+ O T Tsyor1y 02 L1y (osy 156y + 03 L{561 171} (234}
+ P I(ti2s) + B Ix(taza) + c§ In(tsas) + cf In(tasg) + & Io(tse7)
+ cf I(tem1) + cP Ix(t12)

+ d512(823) + df[2(545) + d5BI2(556) + d7BIQ(S71).
(4.6)

4.3 AY=1(17,2%,37 4% 57,61, 7)
This amplitude can be decomposed into 37 integral functions:

=1 chiral /1 — - - ¢ e g i
Aj7\f 1 ch 1(1 ’2+’ 3 74+’ 5 ,6+, 7+) = ay fg{71}{23}{45} + aq f?{lQ}{34}{56}

C r2m h C 2m h C 2m h c
+ a3 Fi{aspaseyr T4 Faisay sem 05 Falasp{eriye T 06

2m h C2mh
‘7:4?;6}{712}3 +az ‘7:6{";1}{234}5
Cr2mh Cr2mh C 2m h C =2m h C 2m h
+ ag Fissayseyr + a9 Fpaseyqriye + 010F isery 12y + 01 F 567132834 + 012 F 6712} {34}5
C 12 C 72
+ a3y 56y 7123y T 01aF {1 )2(345)
C r1 C 1 C rl C 1 C rl
+ atsF 1950567y T @16 23415671} + A1t Fasqer12) T 018 Fas6r123) T 10T 7153456}
C 13m tri C 13m tri C 13m tri C 13m tri C 13m tri
+ b1 T3y [3ay (567 03 L7101 {341 (56} 105 L{71y {23} {456} T04 L{71y {2343 {56} T05 L{671} {23} {45}
+ ¢ Io(ti23) + § I (tasa) + 5 Io(tsas) + c§ To(tase) + c§ Ia(ts67)
+c§ I(ten) + € I(tr12)
+d§ Iy(s12) + dS Io(s23) + d§ Io(ss34) + dS To(ss) + d§ To(ss56) + d< In(sm1).
(4.7)
Altogether these NMHV N = 1 contributions are specified by 82 coefficients. The box
and three-mass triangle coefficients are special cases of generic forms which are given in
appendix C and section 6 respectively. The twenty ¢; coefficients are either special cases of
the generic Cp function (C.8) or are given by one of four forms, C'x, specific to the seven-
point case. The remaining parts of the amplitudes are given by the fourteen d functions,
which are not all independent but can be expressed in terms of six Dx functions.

4.4 (' functions

We illustrate the calculation of the C'x functions by considering an explicit realisation of
the Cp function which arises as the coefficient of I5(t712) and is obtained by computing
the t712 cut of A7(1,2,37,4%,57,67,7), where precisely one of legs 7, 1 or 2 has negative
helicity. We label this leg m;.
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The product of tree amplitudes generated by the cut is,

D ATR(—f1,7,1,2,057) x ATe(—ph, 37 4T 5 6T, 0, (4.8)

where the summation is over the complex scalar and fermionic states of the A" = 1 chiral
multiplet. The six point NMHYV tree amplitude has three terms,

Abree(—gh 3= 4t 57 6t My =Th + TP TR (4.9)
where,
Th — [€2] P1s6]5) [€1] Pass 5) (_ [52\P456!5>>h
tase[0102][02 3](45) (5 6)[01|Pass|4)[3| Pass|6) \ [(1]Pus65)
h_ [6Ps6e, 13) ({¢2 3)[6 £1]) (_ [6|P5641|3>>h (4.10)
tsee, (02 3)(34)[56][6 £1][5] Psery [€2) [€1| Psoe, [4) \ (€23)[641] )
h_ [4] P3as 1) [4] Paas | £a) (-[4|P345|€1>>h
t345(6 €1) (€1 £2) [34][45][3[ P3a5 [6) [5] Poas |€2) \ [4]Psaslba) )

with h denoting the helicity of the leg £5: h = 0 for a scalar and h = 41 for a fermion.
Summing over the multiplet in eq. (4.8) leads to term by term cancellations which we
can express as p factors multiplying each product of h = 0 terms, leading to a cut integrand

of the form,
(m1 €1)%(m £o)?
(T1)(12)(249) (Lo 1) (€1 T

where the p factors are,

; <T1° pr+T3 p2 + T3 p3>, (4.11)

py— (m1| Pr12Pys6]5)2
(m1 £2) [la| Pyse|5) (ma £1)[€1] Pyse |5)
(Vg lo)?

- , 4.12
P2 = Ty £2)6]Proes 3) (s £} {2 6 1 (#12)
Dy = [4] P3as [ma ) (61 £2)?

(my £1)[4] P3as| 1) (m1 Lo) [4| Pas |l2)’

with,
|YB2) = [65](53)|mq1) + [67](mq 3)|7) + [61](m1 3)|1) + [62](mq 3)|2). (4.13)

Consequently the contribution of the 7T terms to the cut integrand is,

(mq £1)(my £o) o [02] Pys6|5)[£1] Pass|5) (m1| Prio Pase|5)°
(T1)(12)(202) (la L) (01 T) ~ tasg[l1 2] [l2 3](45)(56)[¢1]Pyse|4) 3| Pase |6)
_ (m1|Pr12Pys6|5)? (ma 1)(ma la)  [la| Pase]5)[01| Pasel5)
(T1)(12)(45)(56)[3| P1s6[6)tas6t712 (202)(017) [€2 3][€1] Pase|4)
_ (m1 | Pr12Pase|5)> " (mq €1)(my la) " (€1 Pr12 Pys6]5) (C2| Pri2 Pyse|5)
(71)(12)(45)(56)[3| Pss6|6)ta561712 (2£2) (01 7) @1’P712\3](€2!P712P456!‘(1i 14'

— 14 —



This can be recognised as a H,4 canonical form and thus yields a contribution to the bubble

coefficient of,
(m1|Pr12 Pyse5)

 (T1){(12)(45)(56)[3| P1s6|6)tasstrio (4.15)
X Hy[2,7, Pri2|3], PriaPase|4); mi, m1, PriaPase|5), Pri2 Pase|5); Pria].

Similarly the 75 and T3 terms give a contribution,

1
(T1)(12)(34)[56]
[4] Pysg|m)?

+ H,[2,7,6, P3ys5|5]; m1, m1, Pas|4], Paas|4]; Pri2).
T (2B A45]3] Pras )t | 5] 4 Pass [4]; Prra)

G4(2,7, P34|5], Pr12 Pss|4); m1,m1, 3, YBa, YB2; 6; P3y; Pryo]

(4.16)

We define the C'p function by generalising the result of this specific cut:

CB[CL, b,C, d> €, fvga ml] =

. <m1|Pgadeef|€>2
(ga)(ab)({de){e [)le|Paes|f)tdertgan
X H4[b 9, gab| ] gadeef|d> mlamlanadeef| > gadeef| > gab]

1
+ b » 9, cd abPe d miy,mi,C, YBQaYBQaf PCdaPab
galabyicde 7] 1109 Fedlel Fous Perld e
[d|Pcde|m1>2
Hylb, g, f, Pee mi,m1, Pegeld], Pege|d s
(g @@l ddellc] Poge| Ftoge 4009 /> Feaelelyma min, Feaeld), Feeld); Py
(4.17)
with,
[YB2) = [f el{ec)|m1) + [f gl(ma c)|g) + [f a](ma c)|a) + [f b](m1 c)|b). (4.18)
Five of the bubble coefficients can be expressed in terms of the Cp function:
& = C3[1,2,3,4,5,6,7; 1], § = —Cgl[7,6,5,4,3,2,1;1],
& =Cp[6,7,1,2,3,4,5;5], § = —Cg[5,4,3,2,1,7,6;5], (4.19)

= Cp[7,1,2,3,4,5,6; 1].
We define three further functions in this class, C'4, Cc and Cp;

CA[aaba ¢, da €, f g; ml]

- <C d> <d €> Eﬁélle‘ a>b<PCd|> <>a b> cdet gab [b 7 gab’f] m1, M1, PgabPCd’ > gab] (4'20)
o [d|Pef|m1>
(ga)(ab)lde]le f][f|Paclc)tacy

CC[aaba ¢, da €, fa g; ml]

e]3(mq f)?
Etcde[c d[ﬁc]]Pfle\};?g a){ab) Hzg, b, Peale]; f,m1, 115 Pyap) (4.21)

Hs[b, ¢, g;ma,my, Pegld]; Pyap),
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(m1|Pyab Pae| f)?
 taestgar(de)(e f)[c|Pac| f){g a)(ab)
X ﬁ4[6, Pef|d>a Pga|b>a Pab|g>§ Pde|f>a Pde|f>a Pgab|m1>a Pgab|m1>§ Pgab]
. 1
e f{cd){g a)(ab)
x Gs[Pedle], Pyab Pesld)s Pyan|f1, b, g5 ¢, ma, ma, Pyaple], Yo, Yo €; Pea; Pyab),
Cpla,b,c,d e, f,g;m;]

_ (de)®[f| Pyap|ma)* . .
:tcdetgab<c d> [f‘que’C> <g a> <a b> H3[ba g, PgabPCd|e>a my,mi, Pgab|f]ﬂ Pgab] (422)
[f | Paelm1)?

 taeslde]le fI[f|Paclc){g a)(ab)

Hylb,c,g, Peg|d]; my,mu, Pae| f], Pael| f; Pyab)

- (ef>[cd]1<ga>(ab> Gs(f,b, 9, Pef|d], Pyap Pedle); e, e,my,m1, YD, YD ¢; Peg; Pyap),
where,
Yo) =[e f](f o)lm1) + (m1c)([egllg) + [ea]|a) + [eb]]b)), (4.23)
[Yp) = — [cd]{de})lm1) + (em1)([cgllg) + [calla) + [cb][b)).
The remaining CZX coefficients are then:

e = C[2,3,4,5,6,7,1;3,4], 5 =Cp[3,4,5,6,7,1,2;3,1],

4 =Cal4,5,6,7,1,2,3; 4], & =Cpl5,6,7,1,2,3,4; 4],

& = Cyl1,2,3,4,5,6,7;7,4],

P =0(2,3,4,5,6,7,1;3,5], B =00[3,4,5,6,7,1,2;2],

B =C44,5,6,7,1,2,3; 5], B =0Cpl5,6,7,1,2,3,4;5], (4.24)

8 =—-C4l6,5,4,3,2,1,7;5], cf =—-Cc[7,6,5,4,3,2,1;1],

B = —-Cy1,7,6,5,4,3,2;7,5],

& = (Cy[2,3,4,5,6,7,1;5,2], § =Cc[3,4,5,6,7,1,2;3)],

§ = Cpl4,5,6,7,1,2,3;4,1].

4.5 Dyx functions

The Dx functions arise as the coefficients of I5(s4,) when we consider cuts of the form,
/dLIPS Ay, a,b,ly) x A™°(—Lly,c,d,e, f,g,01) — Dla,b,c,d,e, f,g] .  (4.25)

In order to obtain non-vanishing N’ = 1 and scalar contributions, legs a and b must be of
opposite helicity. For the A/ = 1 contribution the two helicity configurations for a and b

are trivially related:
D[a—"_? b_? C’ d? 67 f’ -g] = _D[b_’ a+’ C? d’ e’ f’ g] N (4'26)

Consequently, the number of independent Dy functions corresponds to the number of
independent helicity configurations for the legs c¢,d, e, f, g that contain two negative and
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three positive helicities. There are six such configurations: (— — + + +), (— + — + +),
(—++—+), (—+++-), (+——++) and (+ -+ —+).

To evaluate these cuts we need the explicit forms of the seven-point NMHYV tree am-
plitudes where two external states are scalars or fermions (given explicitly in appendix D).
Using these forms for the tree amplitude A™®¢(¢5 ¢ d=, et f+ g7, 0;"), we express the
cut of the first of these helicity configurations in terms of canonical forms and obtain,

DA[CL, b, c, d> €, fv g]

[e| Pege|a)? , ,
=T AeddellclPoge fiteas 2293 Feaelel; Fao
B (fd)
[abl{de)(e f)(f g)lc|Pael f)
x Hyla, ¢, Pege| f), PabPavePae | f); b, 9, Xa, X a3 Pay)
1 (4.27)
[abl{de)(e [)(f g)lc|Pael f)
X Hsla, Pup|9), ¢, Pege| f), PabPabe Pac| ) b Pav| f), Peg|d), Xa, X a; Pap)

(cd)*[gb]? o
" blledtdel e NolPalcitgn 2 Feb Foaell i @ Farlgl: P
(@0)2[g| Pasc |

N (ab){de)(e f)g|Publc) [Q‘PabC‘dﬂabctdef

Hjb, PypePael f); a, ¢; Pap),

where,
[ Xa]l =(f d)[bal{ag)|g] + (f d)[bal(a f)|f] — (a f)bal(de)|e]
+ ((f 9)lg cl{cd) + [e|Pape| f){cd) + (f d)sap)|b].

For the other helicity configurations we define Dp ¢ p g r in a similar fashion. The

(4.28)

explicit forms of these are given in appendix E. In terms of these we have,

d;‘ = Dp[2,3,4,5,6,7,1],
= —Dg[5,4,3,2,1,7,6],
= —DC[Q 1,7,6,5,4,3],

—Dg[6,5,7,1,2,3,4],
= —DB[2,1,3,4,5,6,7],
= —D¢[3,5,6,7,1,2,4],

dC = Dr[5,6,7,1,2,3,4],

di = —Dy4,3,2,1,7,6,5],

d4 = Dg[7,1,2,3,4,5,6],

d? = Dg[4,5,3,2,1,7,6],

d? = D¢[1,2,3,4,5,6,7], (4.29)
dS$ = D¢[3,1,7,6,5,4,2],

d{ = Dg[4,5,3,2,1,7,6],

d$¥ = —Dp[1,7,6,5,4,3,2].

For each amplitude we have checked at explicit kinematic points that these bubble

Y+ > dj= AT (4.30)

coeflicients satisfy,

i

These conditions ensure that each amplitude has the correct 1/¢ IR singularity [38].



Figure 2. The triple cut of an amplitude

5 Canonical basis for triangle coefficients from triple cuts

Generalisations of unitarity can be used to determine the coefficients of triangle and box

functions simply. If we consider a triple cut,
Cy = — [ ds@B)ENB) Y A((~to)m .5~ 1.(0)

x A((=0), G 1= 1,(02)) X A((=02), L. om = 1,(6))

The minus sign in this equation is for when using colour-ordered partial amplitudes as

(5.1)

normalised in eq. (2.1). This has contributions from the discontinuities of a single triangle
and several box functions,

. 5.2
Disc ( )

C3 = <Z a; Iﬁ + bj Ié)
1eC!
The information in this cut may be used to determine the triangle coefficient b;.

One of the advantages of the supersymmetric decomposition of gluonic amplitudes is
that the one and two-mass triangle coefficients need not be explicitly computed: for the
N = 4 contributions they are absent while for the A/ = 1 and scalar contributions they
are tied to the box coefficients and can be incorporated into the truncated box functions.
Consequently this section will focus on the case where all three masses of the triangle
are non-zero. Consider a physical triple cut in an amplitude where all three corners are
massive as in figure 2.

As the momentum invariants, Ky = ky, + kg1 + -+ + kj—1 etc, are all non-null,
there exist kinematic regimes is which the integration has non-vanishing support for real
loop momentum.

In this section we present the contributions of various canonical forms to the coefficient
of the three-mass triangle integral function. As before we build our canonical forms from

a simple starting point. Consider,
(ob) _ _[alto|b)
Ei(a;b) = = . 5.3
@50 = 3070 = Tl + ka)? (5:3)

We chose to manipulate this as if it were a covariant integral. This means effectively

/ dLIPS / >t (5.4)
[t ,
GILE

replacing,
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J2

.
b

Figure 3. The three mass triangle integral function appearing in the NMHV amplitudes indicating
the labeling of the legs.

then evaluating the covariant integral only keeping the coefficient of the three-mass
triangle in the result.

The covariant integral is a linear box function. Evaluating this we find the following
contribution to the three-mass triangle coefficient:

(a][K1, Ko]|b)

FEila;b] = — . 9.9
ot = = SlK Kala) (5:5)

As in eq. (3.22), we could write the denominator as,
(a| K1 K>a) = (a K)[K)1 Ko)(Kaa) (5.6)

where Ki are the null linear combinations of K1 and K5. These linear combinations involve
irrational coefficients as in eq. (3.23). The case where (a K;) = 0 must be treated as a
special case. This does not arise when a denotes an external momentum but may arise in
the derivations of more complicated canonical forms. When a = K3, we have,

(b2)
(K3 0)

(b| K1|K3]
2(K3| K1|K3]

£ = — E¥[K3,b] = — (5.7)

More complicated forms can readily be generated from this simple starting point. A
summary of these canonical forms is given in appendix B. As an example of the use of
these canonical forms, the general expression for a NMHV three-mass triangle coefficient

is given in the next section.

6 Example: n-point three-mass triangles for A/ = 1 and scalar contribu-
tions to NMHYV amplitudes

As an example of using the canonical forms for the three mass triangle let us evaluate the
general form for the three-mass triangle for NMHV amplitudes. The N’ = 1 contribution
was previously presented in [9)].

For both the chiral A/ = 1 and scalar contributions, the only three-mass triangles
which appear in the NMHV amplitude have exactly one negative helicity on each corner.
Consider such an integral function with the following labelling as shown in figure 3.
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First we take the N’ = 1 case. Evaluating this using the triple cut of figure 2 the triple

cut integrand is,

STAL oy Y XA my ) ) A= my ), (6.1)
h

where (1 = ¢y — K7 etc. The summation is over the A/ = 1 chiral multiplet. The effect of
this summation is to give the scalar contribution times a p-factor,

ALY, omy s D) < A my . 09) X AL, my L 09) < p, (6.2)

where,
((m1 £1)(ma la) (m3 lo) — (my Lo)(ma £1)(m3 £o))*
(ma £1)(ma la)(ms Lo)(ma Lo) (ma £1) (m3 £2)
{fo X)?
(€1 £2]2 (my £1) (mg o) (ms Lo) (my Lo) (ma £1)(ms L)

and,
‘X> = \m1>(m3\K3K2]m2> + \m3>(m1\K1K2]m2> . (6.4)

The cut is then,

(m1 Lo)(my £1) y (ma £y) (mg £2)
(Co fr)(fr - ua){ur €a) (b1 lo) (€1 fa)(fa -+ uz)(uz l2)(ls 1)

(mg £2) (ms Lo) . o X)*
(C2 f3)(f3 - uz)(us Lo){lo lz)  [l1€a]?
(mq Lo)(my £1)  (moly)(mals)  (msla)(mslp) (X £o)?

X

= (Cp X X X X ,
O o fi)(ur 1) (b1 f2)(f2la) (U2 f3){us lo) — (Lo|lrla]lo) 65)
6.5
where,
(uy fa)(uz f3)(us f1)
Cy=— . 6.6
0 LG+ 1)K2 (6.6)
This can be turned into a function of £y only:
l
Co X Hyer (fov) X ! , (6.7)
[ipyestloz) (ol K1Ks|lo)
where,
S =A{lf1),us), K3K3|f2), K3Ka|u1), K1 Ko f3), K1Ka|ua)}, (6.8)
Ty = {|ma), |m3), K3Ka|lmy), K3K3|ma), K1 Ka|ma), K1 Ka|m3), | X), [ X)},
and we have used,
(tra) _ (bollatr]a) (Lol K3K>|a) (taa)  (Lo|K1K5|a) (6.9)

((rd)  (loltalr]b)  (Lo|KsKalb)™  (Lab)  (Co|K1Ka[b)

This is precisely the canonical form J? with n = 6 as defined in appendix B. So the three
mass triangle coefficient is precisely,

b3 = Cy x JO(S;Ty; K;) . (6.10)
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This general expression simplifies in many cases: if the m; coincide with any of the u; or
fi, the J function simplifies to JO with n < 6.
The scalar case is more complicated. The cut integrand is,

(ma Lo)* (my £1)* (mg £1) (my (3)*

(Co fr)(f1 - ur){us £1) (1 bo) - (01 fo)(fa - - - ua)(uz la)(la £1)

(mg la)*(m3 £o)*

T F) (f - us){us Lo) (o o)
oy i ()2 (my 01)?  (mal1)*(mala)®  (myly)*(mylo)®  [(16s)?
(lo f1)(u1 £1) (1 f2)(f2 £2) (€2 f3)(us lo) (€ol€1t200)
= () x (m1 £o)*(ms £o)* (mi 4y)* (ms £5)? (ma £)°[1 L] (ma 11)”

(o f)urlo)  ( fa)lualr) ~ (fala){la fa) (lo| K2 K3]4o)
Hiyer, o y) o (ma6a)?[6 6] (my £1)?
[ljzyestbo ) (lo| K2 K3160) ’

:C(]X

(6.11)
where,

Ty = {Im1),[ma), |ms), |ms), K1 Ka|ms), K1 Ka|ms), KsKalma), KsKalma1)}.  (6.12)
Splitting the pole and defining 77 = T — {|m1), |m1),|ms)}, the cut integrand becomes,

H\y)ETQ <£0 y> y <m2 |€1€2|m2>2
[Tpestlor) (bl K2K35llo)

¢ Z o (€om1)(lom1)(lom3) " ((ma| K1 K3|msa) + (ma|loKa|ms))?

Co

e (lo ) (bo| K2 K3¢0)
6.13
— Cp Z Cx<<m2|K1K3|m2>2J?(~’U;m1,m1,m3) (6.13)
|xyes
+ 2(ma| K1 K3|mo) Ji (3 ma, m1, m1, m3; Ka|ma))
+ J12(x§m27m2,m1,m1,m3;K2lm2>,K2!m2>)>,
where,
’ X
C, — H|y)€T (yx) (6.14)

Moyes—qan (7 2)°
This is a general, explicit, rational form of the n-point NMHYV three-mass triangle
coefficient.

7 Summary

We have presented an implementation of the Unitarity method and applied it to the com-
putation of the seven-point one-loop NV = 1 amplitudes. Once the canonical forms are
derived, the method is algebraic. In many ways our canonical form approach is equivalent
to alternate methods however it naturally applies to trees written in the spinor helicity
formalism and produces results which are manifestly rational.
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A Integral functions

The scalar box integral is,

— (41 2—e d4726p 1
R / @2m)* % p2(p— K1)? (p — K1 — K2)* (p+ K4)* A

where K; is the sum of the momenta of the legs attached to the i-th corner. If a single
leg is attached then Kj; is null. The form of the integral depends upon the number of the
K; which are non-null, K? # 0. We often misname these massive legs. The integrals are
functions of the non-zero K? and the invariants,

S = (Kl + K2)2, T = (K2 + K3)2. (A2)

For convenience, we always define these integrals taking leg 1 as massless and leg 4
as massive.
It is convenient to define the scalar box function, F,

2v/det S
F(K17K27K37K4) - _TI47 (A3)
where,
L(1+e)T?(1—¢)
pu— A.4
T F(l — 26) ) ( )

and the symmetric 4 X 4 matrix S has components (i, j are mod4),
1 . .
Sijz—i(Ki—l----—i-Kj_l)Q, Z%j; S = 0. (A5)

In terms of these variables, the relationships between the scalar box functions and scalar
box integrals are given by,

1 Im 5 F2me
M= _opp— pme_ 9
4 T ST ) 4 TTST— K22K4% 3
F2mh F3m (Aﬁ)
Ith = —QTF—, L‘Em = —27‘1‘7 .
ST ST — K2K?

With the labelling of legs shown in figure 4, the scalar box functions expanded to O(e?)
in the different cases reduce to,

1

FI™ = = S[(=8) "+ (=1) = (-KD) ] (A7)

—€
—|—L12<1—?> —|—L12<1—? —|—§ln T + E,
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Figure 4. The different types of scalar box.

5|97+ (1) = () - (kD]
+ Li (1-%) + Li (1—%“%) + Li2< —%) (A.8)
+ Liy (1— K%) — Liy <1 — Ké?) - %m? (S/T) ,
S+ - R - (D
B 2_12(—1(3?()_;()—_{(3)6 + Lwesm (A.9)
+ L12<1—KT§> + LiQ< —ﬁ> )
S Ty (R - (R - (KD
_ 2_;(—@():;)—_{(%)‘5 ~ % (—K%()_‘;()—_fff)‘e N % 12 (;) (A.10)

K2 K? K2K?
+ L12< ——2> + L12<1—T4> — Li2<1—#

ST

Our seven-point expressions do not need the explicit form of the four mass scalar box.

At this point we must discuss a suitable basis for expressing the amplitudes. We could

use the basis (1.1), however this is not the most efficient option. By choosing a suitable

basis of box functions we can considerably simplify the structure of the triangle coefficients.

Triangle integral functions may have one, two or three massless legs: I.

2 3
m’ I3m, Igm‘

The one-mass triangle function depends only on the momentum invariant of the massive
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leg K7 and is,
e ="Ky (A.11)

€
while the two-mass triangle function with non-null momenta K7 and Kj is,

ppm T KD < KR
2 (-K) - (-K3)

Both of these integral functions contain In(K?)/e IR singularities. The key point is that

(A.12)

the IR singularities of the amplitudes must be [38],

—1 chi c c

A%VRfl chiral _ _FAtree, A[[O}]% _ _FAtree, (A13)
€ 3€

so the In(K?)/e singularities must cancel. This constraint effectively determines the coef-

ficients of I3™ and I3™ in terms of the box coefficients.

Specifically the one- and two-mass triangles are linear combinations of the set of

functions,
_K2 —€
G(-K?) = Tri( 62) ; (A.14)
with,
I?}m = G(_KIQ) ’
- 1 (A.15)
I = (G(-K7) — G(-K3)) -

~ (=K}) - (-K3)
The G(—K?) are labeled by the independent momentum invariants K2 and in fact form
an independent basis of functions, unlike the one and two-mass triangles which are not all
independent.

In practice we need never calculate the coefficients of the G functions once we know
the box coefficients. The only functions containing In(s)/e terms are the box functions and
I%m and Igm S0,
ln(K )

> aililn(x2) /e + ba

This equation fixes the single bg in terms of the a;. The simplest approach to im-

=0. (A.16)

plement this simplification is to express the amplitudes in terms of truncated, finite
F-functions [3, 23, 39]:

1 u2 ‘ 1 ,u2 ‘ 1 ,u2 ‘
im im

F = F + — | — + = [ =

€2 (—S) €2 <—1> ( > '

K2
L\ 1 e
2me 2me
- F — (£ Il e
z T2 <—S> T (—T ~K?2

e

)
K?
1 2 € 1 2 € 1 € A'17)
2mh 2mh 1% I I
= F e _— —_— E— _— _—
F—r g (55) +3 (%) 2(_ g) (Kz%
pom _pam L (2N L2\ L W
2¢2 \ -5 e2 \ =T 2¢2 \ —K2 262 -K?
The N = 1 and scalar amplitudes can then be expressed as,
AlTloor =N 7 N RIS Y el + R, (A.18)
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with no Ig}m or I32m present.
In transferring to this set of basis functions, the coefficients of the F, ar, are simply

related to the coefficients of the scalar box integrals, ay, by,

2

Im __ 1 2 _ 2
s s 19
a2mh _ _i 2mh 3m __ 2 3m ‘
FoTTert o YT Ter SRR

The remaining integral functions are the three-mass triangles I. g’m as given, for example,
in ref. [40] and the two-point bubble function,

L(P) = % +2 —1In(—P?) . (A.20)

B Canonical forms for triple cuts

In this appendix the contributions of various canonical forms to the three-mass triangle
coefficient are given. The triple cut is labelled as in figure 2.

00 ey - Gl Ky
51 _<(Z€> El[ 7b’{KJ}] 2<CL|K1K3|(Z> ’ < KZ> 7&07
oo D e Gl )

(0| K1 K5|l)
7o __{ta)en e
((| K1 Ko l) (L d)
(b][ K1, Ka|d)(c|[K1, Ka]la) + Az(bd){ca) (db){dc){a|[K1, K2]|d)

JO da.bc{K: ] = —
i(d;a,b,c;{K;}] 2A3(d| K1 Ks|d) 2(d| K1 Ks|d)? )
(B.1

As

where,
Az = 4(K - Ko)? —4K{K3 = (K})* 4+ (K3)* + (K3)? — 2(K7 K5 + K3 K3 + K3K7). (B.2)
The above expressions are valid for £ = £y, ¢ = {1 and ¢ = /5 since,

(a|[K71, K5]|b) _ (al[Ky, Ko]lb) _ {a[K, K3][b)

= = ) B.3
2(a\K1K3]a> 2(a\K1K2]a> 2<a]K2K3]a> ( )
We can, as usual, extend these to, for example,
(€a){eb) [Ti—q(Cci) 0
jr?: Z_n —>Jn dl ; aabaci ; K;}]. B.4
UK O T ey Pt b it .
The J? can be expressed in terms of J{ as,
Tldi}; {a,b, e} {K;3 = Y Cod?ldis a,b, n; {3, (B.5)
i=1
with,
n—1
. C‘di
CZ' _ H_]_1< J > (B6)

H?:1,j¢z‘<dj d;) '
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We also have terms which are of order ¢1:
& = [Albola) — Egla; A;{K;}] = —[Alacla),
[Al4o|b) {lo c)
(o d)
Elld;b,c; A; {K; ]
[Alag|b){(d|[K1, Ka]|e) + [Alao|e)(d|[K1, Ka]|b) — [Alao|d) (b][K1, Ka]|c)
2(d| K1 Ks|d)
As[Alag|d)(db)(d c) (B.7)
2(d| K1 Ko|d)2 7
Ji— [Al€o|b)(bo c) (Lo d
0 (lo| K1 K2 |lo)
Jolb, ¢, d; A; {K;}]
[Alao|b)(c[[K1, Ka]|d) + [Alao|c)(d|[K71, Ko]|b) + [Alao|d) (b][K1, K>]|c)))

& =

8Aj3 ’
where,
~K2(K? + K2 — K2) K}(K? + K3 — K?)
al01« — 3 1 A 2 3 K{L + 1 3 A 2 1 th (B8)
3 3
Expressions for £ = ¢1 are obtained by replacing ag by a; where,
~K} (K3 + K2 — K3 K3(K}+ K3 — K3
al = i( 223 3 Q)Kél_{_ 5( 1+A33 Z)Kf:ag‘—K{‘. (B.9)

The ¢ = {5 expressions are obtained in a similar fashion.
Finally for order ¢! we have,

[A[lo|b) (bo ) (Lo d) (o €)
{lo| K1 Ka|lo) (Lo f)
b et (Rt N LAlaolD) (I Kl o) (d] [ Kolle)
Ailfibend e At =3 A8 (R
5~ Al DO Kalid e . Kol
" 24A3(f| K1 K2 f)
_y Ml B [, Kolle) (B-10)
- 12(f] K1 Kol )2
_ Aol KallQ 11K Kolld)if 1, Kol
o AN (f| K1 K| f)?

B Z [Alao|f){(f0){f c)(fI[K1, Ka]|d)(f|[K1, K2]|e)
12(f| K1 Ks|f)3 .

jll —

Ps
For QCD amplitude we generically need forms of order ¢2,

&5 = [Alfola)[Bléo|b) —
KYK3 K3

1
Edla.b; A, By K] = —5 Y [Alagla) [Blas ) — =175
3

P>

[Al[K1, K] | Bl(al[Ky, Ka][b)
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Albola)[Blto|b)(loc)

N
& = (o d)

[Alaold) [Blaold) ][k, Kalla) (d|[, Kol b) (d][F1, Kallc)
2(d| K1 K5|d)?
[Alaold) [Blaola){d| K, Kol {d][K, Ko]lc)
+Z BT} AT

(d|[K1, Kala) (b|[K7, Kale)

+ [Alao|d)[Blag|d) %; 6(d| K1 K>|d)2

[Alag|d)[Blao|a) (b][K1, Ka]|c)
B ; 4(d| K1 K>2|d)
[Alag|a)[Blao|b)(d|[K1, Ka]|c)
N Z 3(d| K1 K>|d)
B K K3 K3[A|[K, Ko | BI(d|[K1, Kb]|a) (b][K1, Kal|e)
2A2(d[K, Ko d) ’

E?[d;a,b,c; A, B {K;}] = —

P3
[Al€o]a)[Bllo|b) (o c) (Lo d)
(o] K1 K2 |lo)
Jila,b,e,d; A, B; {K;}] = 6A ;A!ao\a ) [Blao|b){c|[K1, Ka]|d)
12
K2K2K?2
6A7

\702 —

> [A[[Ky, Ks)|B)al[Ky, K] |b)(c| [y, Kod)
P3

(B.11)
[Allo|a)[Bllo|b) (o c) (bo d) (Lo €)
(Co| K1 K2|to) (4o f)
Jilf;a,b,c.d,e; A, B; {K;}]
_ K}K3K3[A|[Ky, K»)|B]
20(f| K1 Ka|f)A3

(fIKllKQIf As ZAlaolf )[Blaola) (b|[K1, Ka]|e)(d|[K1, Kse)

j12 -

> (FIKy, Kolla) (b|[Ky, Ko |e)(d][K7, Kal|e)
Pys

1
+ [Alagla
40<f|K1K2|f>A3PZGO laola)]
 K{K3K3[A|[K,, K»]|B)
40(f| K1 K| f)2 A3

B m > [Alaola)[Blao| f) (bl[K1, Kol e) (f d) ([ €)
Pso

B m > [Alao|a)[Blao|b)(f|[K1, Kalle)(f d)(f €)
Pso

m > " [Alaola)[Blaolf){ f|[K1, Ka][b) (K1, Kalle)(f d){f )
Pso

Blao|b)(c|[K1, Ka]|d)(f[[Ky, Kalle)

> (al[Ky, Ko |b) (K, Ka)le) (1K, K] |d) (f1[K1, Kalle)

Pio

+
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_ [Alao|f)[Blaolf)
60(f|K1Ko|f)?

~ [Alao|f)[Blaolf)
20(f| K1 K| f)4

= a1, Kol [BY(f|[K1, Kallc)(f d)(f e)
‘-

T (KL Kolla)(fI[Ky, K] b) (fI[K1, Kallo)(f d)(fe).  (B.12)
oo

Cubic and higher order terms can also be evaluated. For example,

[Alo|a)[Bleo|b)[Cllolc) — — %Z[A|a0|a>[B|a0|b>[0|ao|c>
Ps
- %ff‘ SAIKL, Kol B)al [y, Fol) Clao]e)
Py

(B.13)

however we can, in general, avoid these in QCD calculations.

C All-n expressions for coefficients

C.1 Box coefficients

Many of the box coefficients that appear in the seven-point N’ = 1 amplitudes are special
cases of general n-point expressions. We gather these together here and give their speciali-
sations to the box coefficients of section 4. We denote the external legs contributing to the
non-null momentum K; by {f;,...,u;}.

The three-mass boxes in a NMHV A = 1 amplitude vanish unless exactly one negative
helicity gluon is attached to each non-null vertex. We denote this single negative helicity

gluon on vertex 7 by m;_1.

Ks K,
] fa _
my . L
/3 Uy
Ky
U2 —
L

H? (ug f3)(uz f1)(ms d)(m1 d)
2(12)(23)... (n1)
(m1|K3K4|d>(m3|K3K2|d> <m2|K3K2|d>(m2|K3K4|d> [d|K2K3K4|d>

<d\K2K3!d>2(d!K4K3\u2><d\K4K3!f3>(d!K2K3!u3>(d!K2K3\f4>K§C)
1

3 . —
& m[m17m27m37d7 K27K37K3] - =

where,

H = <m1 m2><d|K2K3|m3> + (m3 m2>(d|K4K3|m1> (02)

These box coefficients are close in form to those of N’ =4 Yang-Mills [13, 15].
All of the NMHV two mass boxes we need can be found using Generalised Unitarity
taking MHV and MHV tree amplitudes as the inputs.
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K3 Ky Ky

mz_ us f4 mg at f4 m—
I3 | Uy “ug
K,
U9
b* my P f2 bt

With the labellings given in the figure, the coefficients are,

omh _ P2[my b)* (ms| Plma J(ma| Plma [(mg b) (ms| K4 P|b)
2K [ma| K3 P|my](b| PE4|b)( fa| Plma]{uz| Plmy](b| PK lus)(f3 b)[m1| P|b)?
" (P2 (b|m1 P|b) {(ma mg3) + (b| PK4|b) (ma|mi Plmy))?
12y i+ )T i+ 1)
ome _ [p| K2 |m)?[b| Kz|a) [a| K2 |b) [p| K2|a) [p| K2 |b) (m a) (m b)
2(a fa)(ua b) [T (G + 1) TTi25, T + 1(ab)?[ fol Kala)[ug] Ka|b) K3 °

C

: (C.3)

Where, P = Kg + kb = —(K4 + kml)

One mass boxes in A/ = 1 amplitudes have either one or two negative helicity external
legs attached to the three-point corners. In the latter case, the third negative helicity leg
of any NMHV amplitude attaches to an MHV corner and a general form exists:

Ky

mZ_ f4 mg
-

bt my

elm [1E4[m2s)? [1m01 | Ko [mis) [ma | B [1103) Sy b St . (C.4)
2K 3 [my ma]2[m | Kalma + 1)[ma| Kalua) [T, i+ 1)

When there are two negative helicity external legs attached to the massive corner, NMHV
tree amplitudes are required and we must consider each helicity configuration separately
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as illustrated.

2 3 4
ct dt et ct d” et ct dt e ct dt e
I~ I fr I~
9 9 9 g"
b~ at b~ at b~ at b” at
Clm _ <b‘PabcPdef’f>2<c’PabcPdef’f>5ab3bc _ [e’Pefg’b>2[e’Pefg’c>3ab5bc
b 2tgetanc(ac)2(de) e )]l Palo) gl Pacyld)  2(ac)2[e fIIf gl(cd)]g| Pesgld)tery’
im _ 3ab360<bg>2<09> e f]3

© _2td6f<aC>2[de][d‘Pdef‘g>[f‘Pd€f’c>

SabShe([f 91{g d)(be) = [f|Pavelc)(d)*([f gl(g d){ac) = [f|Pabelc)(d a)[f] Pavelc)
2{ac)?[f gllg|Pavclc)(d e)[f|Paelc){c| Pave Prgle} (sae(c a) + (| Pae Pocla))
_ 3abSve(b|Pabe Pergl9)*(a| Pabe Pefg|9) (¢| Pabe Pesgl9)
2tefglabe(a c)?[d| Pepglg)[d| Papela)(e f)(f g)(c| Pave Pesqle) ’
dm SabShe (] Pabe Pacs|€)? (¢| Pape Pacg l€) (a| Pape Paeyl€)
5 gestane(ca)2(de)(e £)[g] Pavelc) 9| Pacy|d) (a] Pape Pacs | f)
— SabSvelf | Pepglb)?[f| Pesgla)[f| Peggle)
2tepglac)*(cd)le fI[f glle|Pesgla)g| Pesqld)
~ SabSbe([d] Pabc|a) (g b) + [del(e g)(ab))? ([d] Pabe|a) (g ¢) + [del(e g){ac))
2(ca)*(f g)[delle| Peygla)(| Puvc Paes| ) (Saelca) + (c| Pae Pavcla))
cim _ _ Savsve(f ) ((f a)[d] Pane[b) — {ab)[d g]{g F))?(f a)[d|Papele) — (ac)ldgl{g f))
! 2(ca)*(f 9)(g a)[d el(a| Pupe Pacs | f) el Pegla) (sae(ca) + ([ Pae Pabela))
SabSbel9| Pave|b)? [9] Pave|a) (e f)*
2(a )t gestave(d €)[g| Pacy |d){a| Pape Pacs | f)
_ Sabsbc[g’Pefg’b>2[g’Pefg‘a> [g’Pefg‘@
2t6f9<a c)*(cd)le f][f g] [€|Pefg|a>[9|Pefg|d> .

_l’_

(C.5)

C.2 Particular bubble coefficients

Our first example is the bubble coefficient in an A/ = 1 MHV amplitude. Coefficients of
ln(—Pf___b) vanish unless exactly one of the two negative helicity legs lies within P,..,. The
non-vanishing coefficient of ln(—Pj___b) is then,

(m1mg)2(bb+ 1){a — 1a)
[[GEi+1)

X H4[a— 1,a, b,b—|—1;m1,m1,m2,m2;Pa...b]. (C?)

The second example is relevant for the seven-point NMHV amplitudes. Consider the
case where one side of the cut is MHV and the other is MHV. Let m be the single negative
helicity on the MHV side which contains legs a - - - b and p be the single positive helicity on
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the MHYV side. The coefficient of ln(—Pj___b) is then just,

[p’Pa b‘m>2
ji= a(“+1>H] alii+ 1P, (C.8)
X Hyla,b, P,..pla — 1], Py..p|b + 1];m,m, Py..p|p], Pa..s|p]; Pa.b) -

Since many of the d; coefficients in the seven-point NMHYV amplitudes are special cases of
this generic expression specialised to seven-point we define,

CO[a7bac7dae fgp7 ]

[p| Pyap|m)*
(cd)(de)(e f)lg allabl Py,

X H4[ ab’b] gab’g] m,m Pgab’p] gab‘p] a- b]
(C.9)

D Seven-point tree expressions

We have:
A: A(s1,52,37,47,57,60,70) =14 + 14 + T + TS, (D.1)
with,
A [5] P345]2) [5| P3as 1) [5]P345|1) \ 2k
Tla - X < ) )
(67)(71)(12)[34][45][3|P345[6)t345 (5] Ps452)
A _ (6] Pr1 Pos|4) (2| Per|1) (6 4) — [2]5]4)(16))?

T  (45)(56)(6 7)(71)[23][3| Pr12|6)[2| Pr1]6) (1] Pa3 Pss|6)

([2[Ps7|1)(64) — [2[5]4)(16)) \ 2"
< (6] Pr1 Po3|4) > - (B2)

34)4
=
7’P456 ’4>
7’P456 ’5>

xTQB,
T = { x TE .
B:A(s1,52,37,47,57,60, 7)) =T+ TE+ 1B+ TP + TP + TP, (D.3)

with,

T8 _ [4] Pp34]5)°[24]* (5 1)* " < 24](51) )2h
1 (56 (6 7)(71)[23][34)t234 [2] Posa |5) [4] Pasal 1) ~ \[4[Pasa]5)/
T8 _ —(23)(13)%[4] Pyr| 1)* ((13>>2h
(6 7) (7 1) (1 2)[45][5] Pz | 1)[4] Pos 1) (1] Ps7 Pas|3) (6| Pas Pas| 1) (23)/ 7
TB _ ter1[2|Por1|1)?(35)4 » <—[2|P671|1>>2h
6 T)(T1)(34)(45) (2| Pr116) (2] P3as |5) (1| Po7 Pas|3)taas ’
T8 _ —[27°[17)(35)* " <_ 2 7])2h
2 [12)(34)(45)(56)[2| Pr12]6)[7| Pri2|3)tr12 L7/
7B _ (13)2(23)2[7| P1a3|5)* y (<1 3>>2h

ter1
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TP — —(13)2(23)2(56)2[67)3 y <<1 3>)2h‘ (D)
(12)(23)(34)(56)[7| P56 [4)[5] Ps67|1)t567556 (23)
C:A(s1,52,37,4Y 51,67, 7)) =TS + TS + TS + TS + TS + TS, (D.5)

with,

70 _ [24]2[4] P234(6)* (16)* " <—[2 4)(16) >2h
1 [23][34](56)(6 7)(7 1) [4] Pasa | 1)[2] P23a|5) tasa (4] P2346) ’
70 _ (13)%(23)[45]°(16)* <<1 3>)2h
1 (6 7)(71)(12)[4] Pa3a [1)[5] Pasa|1) (1] Por Pas|3) (1| P23 Py5[6) \ (23)
(2] P345]3)° (6] Pr1 Pas|3)* (1 6)° (2| P345[3) (1 6) 2"

C
Tie = (67)(71)(34)(45)[2|Pr1|6)[2| P45 |5) (1| Po71 P35 |3) t345t671 ( (6| Ps71 P345|3) )
TC [17)°[27]*(36)" (_ 2 7]>2h
2 [T1[12](34)(45)(56)[7| Pri23) 2| Pri2|6)tri2 \ [17]
e _ (13)*(23)°(7| Paso[6)* <<1 3>>2h
3 (12)(23)(45)(56)(1|P123 Py5616)[7| Pas6 |4) [7| Pase |3)t123t456 \ (23) ’
e _ [75](13)*(23)° <<3 1>>2h
T (12)(23)(34)[56][6 7][5] Pser | 1)[7| Par|4)tser \ (32) D)
D : Aq(s1,59,37, 47,5060, 7) =T1P + TP + L + TF + TP, (D.7)
with,
D _ [6]Pr1]3)%(32)[1 6] " <[6!P71\3>>2h
! 6 7][71](34)(45)[1] Ps7115)[6] Por1[2)ter1 ~ \[16](32)/ ~
D _ (71)(72)*[6]Pr12[3)° " ((7 1) )2"
2 (12)(34)(45)[6]|Pr12|2) (5| Psg P12|7)t345t712 (72) ’
D — [4] Psg|7)° (72)%(71)? <( 1>)
“(56)(67)(T1)(12)[34][3|P12|7)(7| Psg P34]2) (7| P12 P345) (72)
TP = (23)[1]Ps6|7)%(7| Psg Pa3al3) y ( (7 !P56P234\3>>
(56)(6 7)(34)[1]Pse7[5)[1| P34 |4) (7| Ps6 Pasa| 2)tasatser (23)[1| P56[7)
D — [1|P123]7)%[2] Pr23|7)° " < [2!P123!7>)2h
© (45)(56)(67)[12][23][3|Pra3|7)[1| Pr23|4)t123 (1] P123|7)
(D.8)
E: Aq7(s1,59,37,47 57,60, 7)) =TE + Th + TE + TF + TF + TF (D.9)
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TE _ (24)2ter1 (1| Por Pos|4)” <—<1\P67P23\4>>2h
16 7) (T 1)(23)(3 4) [5] Por1 1) [5| Por1[2) (6] Pri Pos|4) taza (24)tem1
TE _ —[3|Pr116)*[23](4 5)% (1 6)° (—[23]<6 1>)2h
T (56)(6 7)(7 1)[2] Pr1[6)[3] Pas [6) (6] Pry Pas|4) (1] Pas Pas[6) \ [3|Pr1]6)
TE _ [3] P345/2)°[3] P34s | 1)* ([3|P345|1>)2h
6 T)(T1)(12)[34][45][5]| Psas |2)[3| Psas|6)ts45 \ [3] P3a5|2) D10
b (5N (D10
T :<W) i
TE _ (7] Pyss|1)2[7] Pys6 |2) (4 5)° » <[7\P456!1>)2h
5 (12)(23)(56)[7| Pase |3)[7] Psg |4) (1| Pag Pas|6)t123tas6~ \[7] Pas|2)
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(D.12)

E Dy functions

The function D4 was given in section 4.5. The remaining five Dx functions are given by:

DA(a,b,c,d,e,f,g) =

_ [e‘Pcde‘a>2 4 .
(ab)(f g)[cd][de][c|Pegelf)t cdeHQ[b,g, s Pegele]; Pap)
{fd)
T Tabldene £)(f 9Vl Pae] f>H ala, ¢, Peael f), PabPavePael f); 0, 9, X A, X A; Po]

1

T b e N 9dPelf)
X HEB[Q Pab|g> & Pcde|f> abPabcPde|f> b Pab|f> ef|d> XA XA, Pab]
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where,
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where,
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